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Abstract
The possibility of the realization of a curvaton scenario is studied in a theory
in which two dilatons are introduced along with coupling to the scalar curvature. It
is shown that when the two dilatons have an approximate O(2) symmetric coupling,
a scalar field playing the role of the curvaton may exist in the framework of this
theory without introducing any other scalar field for the curvaton. Thus the curvaton
scenario can be realized, and in the simple version of the curvaton scenario, in which the
curvaton potential is quadratic, the curvature perturbation with a sufficient amplitude
and a nearly scale-invariant spectrum suggested by observations obtained from WMAP
can be generated.
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§1. Introduction
The hierarchy problem exists in both particle physics and cosmology. In the former case,
this is the hierarchy problem between gravity and standard particle physics mass scales,
while in the latter case, it is the presence of a very small but finite cosmological constant
or the dark energy indicated by the analysis of type-Ia supernovae observations,1) whose
magnitude is as small as 120 orders smaller than its theoretically natural value, i.e., the
Planck scale (or a similar scale).2) The origin of this small cosmological constant is not well
understood yet. There has yet been no definite convection established in theoretical studies.
Recently, one of the present authors attempted to construct a model3) which simultane-
ously solves the above two hierarchy problems by radically changing cosmology in the same
spirit as the ideas of Dirac4) and Brans and Dicke.5), 6) In this model, a theory with two
dilaton fields coupled to the scalar curvature considered. The existence of many dilatons is
conceivable in light of higher-dimensional theories. Moreover, it has been argued that an
effective gravity mass scale (the square root of the inverse of Newton’s constant) increases
in the inflationary stage7) (for a review of inflation, see Refs. 8) and 9)), and that the small
cosmological constant or the dark energy density in the present universe could be dynam-
ically realized in the case that two dilatons have approximately an O(2) symmetry, taking
the fundamental mass scale to be of TeV. In such a TeV scale model, where the potential
of the dilatons is of order ∼ (TeV)4, however, it is conjectured that a naive estimate of
the curvature perturbation gives a magnitude which is much smaller than the recent ob-
servational results of the anisotropy of the cosmic microwave background (CMB) radiation
obtained from Wilkinson microwave background probe (WMAP).10) Moreover, as is shown
in §3, power-law inflation could be realized in this model. In the standard inflation models,
however, inflation is driven by the potential energy of a scalar field, called an “inflaton”,
as it slowly rolls down the potential hill. This slow roll over in the quasi-de Sitter stage
is necessary to account for the nearly scale-invariant spectrum of the primordial curvature
perturbation out of the quantum fluctuation of the inflaton, which is also suggested by the
observational results obtained from WMAP.11)
However, in recent years a new mechanism for generating the primordial curvature per-
turbation has been proposed, in which a late-decaying massive scalar field provides the
dominant source of the curvature perturbation.12), 13), 14), 15) In this scenario, the dominant
part of the curvature perturbation originates from the quantum fluctuations of a new scalar
field, called the “curvaton”, which is different from the inflaton. In contrast to the situation
with the usual mechanism, with this new mechanism, inflation need not be of the slow-roll
variety. Hence, even in the case of power-law inflation, the nearly scale-invariant spectrum
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of the curvature perturbation demanded by the observations can be realized. Instead, it is
required that the curvaton potential be sufficiently flat during inflation.
The purpose of the present paper is to argue that the curvaton scenario can be realized
in the above theory, in which two dilatons are introduced along with the coupling to the
scalar curvature.3) In particular, we show that there exists a scalar field corresponding to
the curvaton in the framework of this theory without introducing any other scalar field that
plays the role of the curvaton, and discuss the case in which the curvaton scenario is realized.
Also, we are able to construct the curvature perturbation with sufficiently large amplitude
and nearly scale-invariant spectrum suggested by the observational results obtained from
WMAP.
This paper is organized as follows. In §2 we describe our model and derive field equations
from its action. In §3 we show that power-law inflation can be realized in this model. Next,
in the framework of this theory the existence of a scalar field corresponding to the curvaton
is demonstrated in §4. Then, in §5, we study the case in which the curvaton scenario can be
realized in this model. Finally, §6 is devoted to a conclusion. Throughout the present paper
we use units in which kB = c = ~ = 1 and denote Newton’s constant by G = mPl
−2, where
mPl = 1.2× 1019GeV is the Planck mass.
§2. Model
2.1. Action
We introduce two scalar fields, ϕi (i = 1, 2). Furthermore, we introduce dilatonic coupling
of these scalars to the scalar curvature. Our model action is the following:3)
S =
∫
d4x
√−g
[
−f(ϕi)R + 1
2
(∂ϕi)
2 − V [ϕi] + Lm
]
, (1)
f(ϕi) = ǫ1ϕ
2
1 + ǫ2ϕ
2
2, (2)
V [ϕi] = V0 cos
ϕr
M
+ Λ, (3)
where R is the scalar curvature arising from the spacetime metric tensor gµν , g is the determi-
nant of gµν , f(ϕi) is the coupling between the dilaton and the scalar curvature [with ǫi (> 0)
being dimensionless constants], V [ϕi] is the potential of the dilaton (with ϕr =
√
ϕ21 + ϕ
2
2
and V0 > Λ > 0), and M denotes a mass scale. Here Λ is the collection of all the con-
stants in the Standard Model Lagrangian Lm such that the potential of the Standard Model
Lagrangian vanishes at its minimum. We assume O(2) symmetry for the potential V [ϕi],
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while we allow its violation by choosing ǫ1 6= ǫ2. Moreover, we use the simplified notation
(∂ϕi)
2 ≡ gµν∂µϕi∂νϕi.
The dilatonic coupling of the scalar field to the scalar curvature given by f(ϕi)R is taken
from the Brans-Dicke theory.5) However, with regard to the choice of the potential V [ϕi],
we part with the Brans-Dicke theory, in which a single dilaton, ϕ, is introduced along with
the null potential and f(ϕ) = (1/2)ξϕ2, where ξ is a dimensionless constant.6) For both
simplicity and naturalness, we assume that all mass parameters are of the same order, and
thus V0 ≈ Λ = O[M4] for the choice (3). In the present model, we use a common mass scale
M of order mPl, although in the scenario proposed in Ref. 3), a common mass scale M of
order TeV, favored by the present small value of the dark energy, is used.
2.2. Field equations
The field equations can be derived by taking variations of the above action in Eq. (1)
with respect to the metric gµν and the dilatons ϕi as follows:
16)
Rµν − 1
2
gµνR =
1
2f
[
T (m)µν + T
(ϕi)
µν
]
+
1
f
(∇µ∇νf − gµνf) , (4)
with
T (ϕi)µν = ∂µϕi∂νϕi − gµν
[
1
2
(∂ϕi)
2 − V [ϕi]
]
, (5)
and
ϕi = − ∂V
∂ϕi
− ∂f
∂ϕi
R, (6)
where ∇µ is the covariant derivative operator associated with gµν , and  ≡ gµν∇µ∇ν is the
covariant d’Alembertian for a scalar field. In addition, Rµν is the Ricci curvature tensor,
while T
(ϕi)
µν is the contribution to the energy-momentum tensor from the scalars ϕi, and T
(m)
µν
is the usual contribution of radiation, matter and other fields. Taking the trace of Eq. (4),
we obtain
− R = 1
2f
[
T (m) − (∂ϕi)2 + 4V (ϕi)− 6f
]
, (7)
where T (m) is the trace of T
(m)
µν .
We now assume the spatially flat Friedmann-Robertson-Walker (FRW) spacetime with
the metric
ds2 = gµνdx
µdxν = dt2 − a2(t)dx2, (8)
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where a(t) is the scale factor. In the FRW metric (8), the equations of motion for the
background homogeneous scalar fields read
ϕ¨i + 3Hϕ˙i = −ϕi
ϕr
V ′ − 2ǫiϕiR, (9)
where the dot denotes differentiation with respect to time, and the prime denotes differen-
tiation with respect to ϕr. Here H is the Hubble parameter. Using the equations of motion
for the dilaton fields (9) with Eq. (7), we find the dynamical equations in terms of the two
field variables f = ǫ1ϕ
2
1 + ǫ2ϕ
2
2 and f˜ = ǫ1ϕ
2
1 − ǫ2ϕ22 as
f¨ + 3Hf˙ = 2F−1
{
(ǫ1ϕ˙1
2 + ǫ2ϕ˙2
2)− f
ϕr
V ′
+
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
[
T (m) + 4V − (ϕ˙12 + ϕ˙22)
]}
, (10)
¨˜f + 3H ˙˜f = 2F−1
{
F (ǫ1ϕ˙1
2 − ǫ2ϕ˙22)−
[
f˜
f
− 24ǫ1ǫ2(ǫ1 − ǫ2)
(
ϕ1ϕ2
f
)2]
f
ϕr
V ′
+
(
ǫ21ϕ
2
1 − ǫ22ϕ22
f
)[
T (m) + 4V − (ϕ˙12 + ϕ˙22)− 12(ǫ1ϕ˙12 + ǫ2ϕ˙22)
]}
, (11)
F = 1 + 12
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
. (12)
(The reason we have chosen the field variable f˜ as the partner of the coupling f is stated in
§A.2.) Furthermore, the gravitational field equations read
H2 =
(
a˙
a
)2
=
1
6f
[
T
(m)
00 +
1
2
(ϕ˙1
2 + ϕ˙2
2) + V
]
−H f˙
f
, (13)
H˙ − 2H f˙
f
= −F
−1
f
[
1
12
(
4FT
(m)
00 − T (m)
)
+ (ǫ1ϕ˙1
2 + ǫ2ϕ˙2
2)
+
1
4
(
1 + 8
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
)
(ϕ˙1
2 + ϕ˙2
2)
− f
ϕr
V ′ + 4
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
V
]
, (14)
where in deriving the expression (14) we have used Eq. (10).
5
§3. Power-law inflation
In this section, we show that power-law inflation can be realized in the presently consid-
ered model. Here we seek solutions with the ansatz
f = At2, L = Bt, ϕr = Ct, a ∝ tω, (15)
which is valid for large t. Here, L = ϕ1ϕ˙2 − ϕ2ϕ˙1 is the angular momentum. The existence
of the angular momentum is one of the important features of this model. We now assume
that in the inflationary stage, the cosmic energy density is dominated by the dilatons, and
hence T
(m)
µν is negligible. Moreover, for the moment we ignore variation of the potential and
hence we replace V by its average value, Λ.
Substituting the ansatz (15) into Eqs. (10), (13) and (14), we obtain
1 + 3ω = F−1
[
4
(
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
)
Λ
A
−
(
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
− ǫ1ϕ˙1
2 + ǫ2ϕ˙2
2
ϕ˙1
2 + ϕ˙2
2
)
1
A
(
C2 +
B2
C2
)]
, (16)
ω2 + 2ω =
1
12
[
2
Λ
A
+
1
A
(
C2 +
B2
C2
)]
, (17)
ω = F−1
[
4
5
(
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
)
Λ
A
+
1
20
(
1 + 8
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
+ 4
ǫ1ϕ˙1
2 + ǫ2ϕ˙2
2
ϕ˙1
2 + ϕ˙2
2
)
1
A
(
C2 +
B2
C2
)]
, (18)
where in deriving the expressions (16)−(18) we have used the following relation:
ϕ˙1
2 + ϕ˙2
2 = ϕ˙r
2 +
L2
ϕ2r
= C2 +
B2
C2
. (19)
From Eqs. (17) and (18), we find
Λ
A
= 2
(
1 + 4
ǫ1ϕ˙1
2 + ǫ2ϕ˙2
2
ϕ˙1
2 + ϕ˙2
2
)−1
×
[
3(ω2 + 2ω)
(
1 + 8
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
+ 4
ǫ1ϕ˙1
2 + ǫ2ϕ˙2
2
ϕ˙1
2 + ϕ˙2
2
)
− 5ωF
]
, (20)
1
A
(
C2 +
B2
C2
)
= 4
(
1 + 4
ǫ1ϕ˙1
2 + ǫ2ϕ˙2
2
ϕ˙1
2 + ϕ˙2
2
)−1
6
×
[
−24(ω2 + 2ω)
(
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
)
+ 5ωF
]
. (21)
Eliminating Λ/A and (C2 +B2/C2) /A from Eqs. (16), (20) and (21), we obtain
24
(
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
)
ω2 −
[
12
(
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
)
− 8 ǫ1ϕ˙1
2 + ǫ2ϕ˙2
2
ϕ˙1
2 + ϕ˙2
2 + 3
]
ω
−
(
1 + 4
ǫ1ϕ˙1
2 + ǫ2ϕ˙2
2
ϕ˙1
2 + ϕ˙2
2
)
= 0. (22)
We now assume ϕ21 ≈ ϕ22 and ϕ˙12 ≈ ϕ˙22 and approximately determine ω in terms of ǫi. It
follows from these approximate relations that Eq. (22) can be rewritten in the form
24βω2 − (12β − 4α2 + 3α)ω − α(1 + 2α) = 0, (23)
with
α ≡ ǫ1 + ǫ2, (24)
β ≡ ǫ21 + ǫ22. (25)
The solution of Eq. (23) is given by
ω =
1
48β
[
(12β − 4α2 + 3α) +
√
D
]
, (26)
D = 9α2 − 24α3 + 168αβ + 16α4 + 96α2β + 144β2, (27)
where we have taken the positive solution of ω. In the case ǫi ≪ 1, considering only the
terms of leading order in ǫi in expressions (26) and (27), we find
ω ≈ α
8β
=
ǫ1 + ǫ2
8(ǫ21 + ǫ
2
2)
. (28)
Hence, for ǫi ≪ 1, the index of the power ω can be much larger than unity, and thus the
power-law inflation can certainly be realized. From this point, we consider only the case
ǫi ≪ 1.
A large value of ω is favored to approximately mimic the exponential expansion of the
cosmological scale factor. The gravity mass scale increases as f ∝ a2/ω during inflation.
Thus, there is no difficulty in obtaining a large enough number of e-folds during inflation, and
simultaneously resolving the mass hierarchy problem. This is a feature that also appears in
the model of extended inflation17) (see also Ref. 18)). The number of e-folds for a particular
case in this model is estimated in §4.3. The requirement for power-law inflation in the
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curvaton scenario is that the power-law exponent ω be much larger than unity, as is discussed
in §5. Furthermore, we note the following point. The discussion in this section corresponds
to analysis in the Jordan frame, in which there exist scalar fields nonminimally coupled to
the scalar curvature. It is not obvious, however, that power-law inflation can be realized
not only in the Jordan frame but also in the Einstein frame, in which there ordinarily exist
scalar fields minimally coupled to the scalar curvature. For this reason, in Appendix B, we
show that power-law inflation can also be realized in the Einstein frame.
Here we present approximate expressions of A, B, and C. Their detailed derivations are
given in §A.1. These approximate expressions are as follows:
A ≈ 32
3
(
β
α
)2
Λ, (29)
B ≈ ±128β
2
3α3
√
α2
2β − α2 Λ, (30)
C ≈
√
64β2
3α3
Λ. (31)
Finally, we discuss the following points. We first consider the allowed case in which
we can ignore the variation of the potential V [ϕi] = V0 cos (ϕr/M) + Λ in Eq. (3), and
therefore replace V by its average value, Λ, as done in deriving the solutions of power-law
inflation at the beginning of this section. As explained in §4.2, in this model, we consider
the following case. In the inflationary stage, the field amplitude of the dilatons is given by
ϕ1 = γ1M,ϕ2 = γ2M, where γ1 and γ2 are dimensionless parameters with time dependence.
In addition, we assume γ1 ≈ γ2 ≈ γ = γ(t); these relations are consistent with the assumption
ϕ21 ≈ ϕ22, used in deriving the approximate expressions of A, B, C and ω above. In this case,
we have ϕr =
√
ϕ21 + ϕ
2
2 ≈ γM . Hence, if γ(t)≪ 1 during inflation, we can ignore variation
of the potential. In this case, we find V ≈ V0 + Λ. Thus it follows from the assumption
V0 ≈ Λ = O[M4] made in §2.1 that it is valid to recognize V as being approximately equal to
Λ. As shown in §4.2, the case in which we are interested corresponds to just this case. In fact,
for example, in the case ǫ1 = 3.1×10−3, ǫ2 = 3.0×10−3 and γ = 3.5×10−4, which is the case
(v) in Table I of §4.2, the solution derived by partially taking the variation of the potential
V into consideration is ω = 4.15 × 101 ≫ 1. Hence power-law inflation can be practically
realized. Furthermore, the value ω = 4.10×101, which is estimated by ignoring the potential
variation and replacing V by its average value Λ, as shown in Table I, is very close to that in
the above solution. Thus, if γ(t)≪ 1 during inflation, the above approximation in which we
ignore the variation of the potential and regard V as being approximately Λ is valid. Here
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we note that in deriving the above solution by partially taking the variation of the potential
V into consideration, we have used ϕr ≈ γM and the relation t ≈ ω
√
6αγ2/M , which is
derived by using Eqs. (41) and (42), which are given in §4.2, and the relation H = ω/t.
From the above consideration, we see that if γ(t)≪ 1 during inflation, then this case is
just the case considered in the later discussion appearing in §4 and 5, as stated above, and
power-law inflation can be practically realized in this model. In contrast to our scenario, in
the scenario proposed in Ref. 3), which simultaneously solves the hierarchy problem between
gravity and particle physics mass scales and the small cosmological constant or the dark
energy problem, the following case is considered. In the inflationary stage, ϕr goes over the
many local maxima of the potential and then changes for many periods, i.e., γ(t) & 1 and
γ(tf)− γ(ti) ≫ 1, where tf and ti are the time at the end and at the beginning of inflation,
respectively. Thus, the situation for the evolution of ϕr during inflation considered in the
present model is different from that in the scenario proposed in Ref. 3).
Second, we consider the reason why power-law inflation occurs. In the inflationary stage,
from Eq. (13) we findH2 ≈ 1/(6f) [(ϕ˙12 + ϕ˙22) /2 + V ] ≈ Λ/(6f). Here, in deriving the first
approximate equality, we have used H2 ≫ Hf˙/f . This relation follows from H/(f˙/f) =
ω/2 ≫ 1, where we have used H = ω/t and f = At2. Moreover, in deriving the second
approximate equality, we have used (ϕ˙1
2+ ϕ˙2
2)/2+V ≈ [16β/(3α)]Λ+Λ ≈ [2/(3ω)]Λ+Λ ≈
Λ, where in deriving the first approximate equality we have used Eqs. (19) and (A.12), in
deriving the second approximate equality we have used Eq. (28), and in deriving the last
approximate equality we have used ω ≫ 1. Furthermore, we have ignored variation of the
potential and hence replaced V by its average value, Λ. From the above consideration, we
understand that the contribution of the cosmological constant Λ to the power-law inflation
is much larger than that of the kinetic term of the dilatons. Thus, the contribution to the
power-law inflation comes mainly from the effect of cosmological constant, Λ.
§4. Extremely large mass hierarchy
In this section, we show that there exists a scalar field corresponding to the curvaton
in the framework of this theory without introducing any other scalar field that plays the
role of the curvaton. First, we discuss the fluctuation equation in terms of f = ǫ1ϕ
2
1 + ǫ2ϕ
2
2
and f˜ = ǫ1ϕ
2
1 − ǫ2ϕ22 in order to derive these mass values in the inflationary stage. Next,
we consider the case in which an extremely large hierarchy of these mass values in the
inflationary stage can be realized. The realization of this extremely large hierarchy implies
that the potential of the scalar field with the lighter mass is much flatter than that of the
scalar field with the heavier mass. Furthermore, if the lighter mass is much smaller than the
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Hubble parameter in the inflationary stage, the scalar field with the lighter mass can be the
curvaton, as discussed in §5.2.
4.1. Linearized equations
To begin with, we discuss the fluctuation equation in terms of f = ǫ1ϕ
2
1 + ǫ2ϕ
2
2 and
f˜ = ǫ1ϕ
2
1 − ǫ2ϕ22 in order to derive these mass values in the inflationary stage. With the
ansatz
f = f0 + δf, |δf | ≪ |f0| ,
f˜ = f˜0 + δf˜ ,
∣∣∣δf˜ ∣∣∣≪ ∣∣∣f˜0∣∣∣ , (32)
where f0 and f˜0 are the zeroth order quantities and satisfy Eqs. (10) and (11), respectively,
we obtain the linearized equations(
δ¨f + 3H ˙δf
¨
δf˜ + 3H
˙
δf˜
)
= −M2
(
δf
δf˜
)
, (33)
where
M2 ≡
(
M211 M212
M221 M222
)
. (34)
In deriving the expression (33), we have kept terms up to those of first order in δf and δf˜ .
A detailed derivation of Eq. (33) and the expressions of the components of M2 are given in
§A.2.
Here we emphasize the reason why we need to estimate the mass values of the scalar
quantities f and f˜ . As stated at the beginning of this section, the final purpose of this section
is to show that there exists a scalar field corresponding to the curvaton in the framework of
this theory, without introducing any other scalar field that plays the role of the curvaton.
The necessary condition for a scalar field to correspond to the curvaton is that its mass
be much smaller than the Hubble parameter in the inflationary stage. Hence, in order to
examine the existence of a scalar field corresponding to the curvaton, we consider not the
mass scales of the dilatons ϕi themselves, but those of the scalar quantities f = ǫ1ϕ
2
1 + ǫ2ϕ
2
2
and f˜ = ǫ1ϕ
2
1 − ǫ2ϕ22, which are expressed as linear combinations of ϕ21 and ϕ22. We cannot
easily estimate these mass values from Eqs. (10) and (11) themselves, however, because the
parts corresponding to the mass terms of these equations are too complicated. Therefore
we consider the linearized equations (33) by making use of the ansatz (32), and then we
estimate the eigenmasses of f and f˜ by carrying out the diagonalization of the matrix M2
in (34), as discussed in the next subsection.
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4.2. Mass diagonalization
Next, we show that an extremely large hierarchy of the mass values of f and f˜ in the
inflationary stage can be realized. For this purpose, we investigate these eigenmasses by
solving the following characteristic equation of M2:
det
(M2 − λE) = 0 ⇐⇒ λ2 − TrM2λ+ detM2 = 0, (35)
where λ is an eigenvalue of M2, and E is the unit matrix. The solutions of Eq. (35) are
equivalent to the diagonal components of the diagonalized matrix ofM2, namely, the square
of the eigenmasses of f and f˜ . The solution of Eq. (35) is given by
λ± =
TrM2
2
[
1±
√
1− 4 detM
2
(TrM2)2
]
, (36)
where the signs ± in λ± correspond to those on the right-hand side of this equation.
The necessary conditions for an extremely large hierarchy of the eigenmasses of f and
f˜ to be realized are the following three: (I) TrM2 > 0, (II) detM2 > 0, and (III) Θ ≡
4 detM2/(TrM2)2 ≪ 1. The first and second conditions are necessary in order that both
the square of the eigenmasses can be positive, that is, λ+ > 0 and λ− > 0. The third
condition is necessary in order that an extremely large hierarchy of the eigenmasses can be
realized, that is, λ−/λ+ ≪ 1. In the case that the above three conditions are satisfied, it
follows from Eq. (36) that the square of the eigenmasses of f and f˜ can be approximately
expressed as
λ+ ≈ TrM2
[
1− detM
2
(TrM2)2
]
> 0, (37)
λ− ≈ detM
2
TrM2 > 0, (38)
λ−
λ+
≈ detM
2
(TrM2)2
[
1 +
detM2
(TrM2)2
]
≪ 1, (39)
where each approximate equality in these relations follows from the above third condition,
Θ = 4detM2/(TrM2)2 ≪ 1. We therefore investigate the case in which the above three
conditions are satisfied by estimating TrM2 and detM2.
Here we consider the following case. As stated in §2, in regard to the dilaton potential
appearing in Eq. (3), we assume V0 ≈ Λ ≈ M4. Moreover, in the inflationary stage, the
field amplitude of the dilatons is given by ϕ1 = γ1M and ϕ2 = γ2M, where γ1 and γ2 are
dimensionless parameters with time dependence. In addition, we assume γ1 ≈ γ2 ≈ γ =
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γ(t). (These relations are consistent with the assumption ϕ21 ≈ ϕ22, made in deriving the
approximate expressions of A, B, C and ω in §3.) Furthermore, we consider the case in which
the value of ǫ1 is close to that of ǫ2 and introduce a dimensionless constant ǫ¯ ≡ (ǫ1 + ǫ2) /2 =
α/2 = O[ǫi]. In this case, from Eq. (2) we find
f ≈ 2ǫ¯γ2M2 = αγ2M2. (40)
Hence, it follows from Eqs. (13) and (40) that the Hubble parameter in the inflationary stage
is expressed as
H ≈
√
M4
6f
≈ ΥM, (41)
Υ ≡ 1√
12ǫ¯γ2
=
1√
6αγ2
. (42)
In deriving the first approximate equality in Eq. (41) we have used two relations. The first
is (ϕ˙1
2 + ϕ˙2
2)/2 + V ≈ [16β/(3α)]Λ + Λ ≈ [2/(3ω)]Λ + Λ ≈ Λ, where, in deriving the first
approximate equality, we have used Eqs. (19) and (A.12), in deriving the second approximate
equality, we have used Eq. (28), and in deriving the last approximate equality, we have used
ω ≫ 1. Furthermore, we have ignored variation of the potential, and hence replaced V by
its average value, Λ. The second relation used here is H2 ≫ Hf˙/f . This relation follows
from H/(f˙ /f) = ω/2≫ 1, where we have used H = ω/t and f = At2 in the ansatz (15).
From Eq. (3) and the expressions (A.22), (A.24), (A.26) and (A.28), we can obtain
approximate expressions for TrM2 and detM2. For convenience in describing these expres-
sions, we represent TrM2 and detM2 as
TrM2 =M211 +M222
≡ (TrM2)(0) + (TrM2)(1), (43)
and
detM2 =M211M222 −M212M221
≡ (detM2)(0) + (detM2)(1) + (detM2)(2). (44)
Here, (TrM2)(0) and (detM2)(0) are the parts independent of the sine functions. More-
over, (TrM2)(1) and (detM2)(1) are the parts proportional to sin[ϕr/M + arctan (X1/X2)]
and sin [ϕr/M + arctan (Y1/Y2)], respectively, and (detM2)(2) is the part proportional to
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sin [2ϕr/M + arctan (Z1/Z2)]. These approximate expressions for TrM2 and detM2 and
the expressions for X1, X2, Y1, Y2, Z1 and Z2 are presented in §A.3. Here, as stated above,
we have considered the case V0 ≈ Λ ≈ M4. Moreover, from Eq. (41) we have used the
relation
M ≈ H
Υ
=
ω
Υ
1
t
≈ α
8β
1
Υ
1
t
, (45)
where the last approximate equality follows from Eq. (28).
We now approximately evaluate TrM2 and detM2 by using Eqs. (A.42)−(A.48) and
then investigate the case in which the above three conditions can be satisfied. In order to
confirm that the above three conditions can always be satisfied independently of the values of
the sine functions, we investigate the case that the following three relations can be satisfied:
˜TrM2 ≡ (TrM2)(0) −
√
X21 +X
2
2
t2
> 0, (46)
˜detM2 ≡ (detM2)(0) −
√
Y 21 + Y
2
2 +
√
Z21 + Z
2
2
t4
> 0, (47)
Θ˜ ≡ 4
(detM2)(0) +
(√
Y 21 + Y
2
2 +
√
Z21 + Z
2
2
)
t−4(
˜TrM2
)2 ≪ 1, (48)
where Θ˜ is positive. The first relation means that the minimum of TrM2 is positive. More-
over, the second relation means that a value smaller than the minimum of detM2 is positive.
Furthermore, the third relation means that a value larger than the maximum of Θ is much
smaller than unity. The reason we have adopted ˜detM2 as a value smaller than the mini-
mum of detM2 and Θ˜ as a value larger than the maximum of Θ is that we cannot obtain
analytical expressions of the minimum and maximum of detM2, because, as seen from Eqs.
(A.45)−(A.48), detM2 has two terms proportional to sine functions whose phases differ.
Moreover, as the effective values of λ± and the ratio λ−/λ+, we adopt the average values
〈λ+〉 ≡ (TrM2)(0)
[
1− (detM
2)(0)
((TrM2)(0))2
]
, (49)
〈λ−〉 ≡ (detM
2)(0)
(TrM2)(0) , (50)〈
λ−
λ+
〉
≡ (detM
2)(0)
((TrM2)(0))2
[
1 +
(detM2)(0)
((TrM2)(0))2
]
, (51)
where ‘〈 〉’ denotes the average over many periods of the sine functions.
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Table I. Examples of the values of the model parameters in the case that an extremely large
hierarchy of the eigenmasses of f and f˜ can be realized, that is, the three relations (46)−(48)
can be satisfied. Here we have approximately evaluated ω, γ, and t−1 by using ω ≈ α/(8β),
γ ≈ 1/
√
6αΥ 2, and t−1 ≈ (8β/α)ΥM , respectively.
ǫ1 ǫ2 Υ ω γ t
−1/M
(i) 4.1× 10−2 4.0× 10−2 3.5× 101 3.1 4.1× 10−2 1.1× 101
(ii) 2.6× 10−2 2.5× 10−2 3.0× 101 4.9 6.0× 10−2 6.1
(iii) 1.1× 10−2 1.0× 10−2 3.5× 102 1.2× 101 8.0× 10−3 2.9× 101
(iv) 6.6× 10−3 6.5× 10−3 4.5× 102 1.9× 101 7.9× 10−3 2.4× 101
(v) 3.1× 10−3 3.0× 10−3 1.5× 104 4.1× 101 3.5× 10−4 3.7× 102
Table II. Estimates of the quantities in the three relations (46)−(48) and of the effective values of
the square of the eigenmasses of f and f˜ and their ratio in the cases (i)−(v) displayed in Table
I. Here we have defined Ξ1 ≡ ˜TrM2/M2 and Ξ2 ≡ ˜detM2/M2. Moreover, we have estimated
these quantities by using Eqs. (A.43), (A.44) and (A.46)−(A.48).
Ξ1 Ξ2 Θ˜ 〈λ+〉 /M2 〈λ−〉 /M2 〈λ−/λ+〉
(i) 1.0× 107 2.5× 107 4.2× 10−5 1.0× 107 5.4× 101 5.4× 10−6
(ii) 1.0× 106 5.0× 106 3.0× 10−4 1.0× 106 4.0× 101 4.0× 10−5
(iii) 3.3× 106 3.1× 107 9.8× 10−4 3.4× 106 4.1× 102 1.2× 10−4
(iv) 8.2× 107 2.1× 109 2.7× 10−5 8.2× 107 2.9× 102 3.6× 10−6
(v) 4.1× 109 5.8× 1011 3.8× 10−5 4.1× 109 1.9× 104 4.7× 10−6
Table I displays some examples of the values of the model parameters in the case in
which an extremely large hierarchy of the eigenmasses of f and f˜ can be realized, that
is, the three relations (46)−(48) can be satisfied. Here, from Eqs. (28), (42) and (45),
we have approximately evaluated ω, γ, and t−1 by using ω ≈ α/(8β), γ ≈ 1/
√
6αΥ 2,
and t−1 ≈ (8β/α)ΥM , respectively. Furthermore, Table II lists estimates of the quantities
Ξ1 ≡ ˜TrM2/M2, Ξ2 ≡ ˜detM2/M2, and Θ˜ in Eqs. (46)−(48) and estimates of the effective
values of the square of the eigenmasses 〈λ+〉 and 〈λ−〉, and the ratio 〈λ−/λ+〉 in the cases
displayed in Table I. Here we have estimated these quantities by using Eqs. (A.43), (A.44)
and (A.46)−(A.48).
Figures 1, 2, and 3 depict estimates of Ξ1 = ˜TrM2/M2, Ξ2 = ˜detM2/M2, and Θ˜,
respectively. Moreover, Figs. 4 and 5 depict estimates of 〈λ+〉 /M2 and 〈λ−〉 /M2, and the
ratio 〈λ−/λ+〉. In all the figures, the solid lines represent the case Υ = 1.5 × 104, and
the dotted lines represent the case Υ = 3.5 × 102. Moreover, the left panels correspond
to the case ǫ1 = ǫ2 + 1.0 × 10−4, ǫ2 = 1.0 × 10−3 + 1.0 × 10−4j (0 ≤ j ≤ 89), where j
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is an integer, while the right panels correspond to the case ǫ1 = ǫ2 + 1.0 × 10−3, ǫ2 =
1.0×10−2+1.0×10−3j (0 ≤ j ≤ 89). In Fig. 1, for all the cases, we have Ξ1 > 0, and hence
the relation (46) is satisfied. In Fig. 2, in the case Υ = 1.5 × 104, for ǫ2 ≤ 2.9 × 10−3 and
ǫ2 ≥ 4.5 × 10−2, we have Ξ2 < 0. Moreover, in the case Υ = 3.5 × 102, for ǫ2 ≤ 6.9 × 10−3
and ǫ2 ≥ 4.5×10−2, we have Ξ2 < 0. Hence, in these cases, the relation (47) is not satisfied.
In Fig. 3, in the case Υ = 1.5 × 104, for ǫ2 ≥ 4.5 × 10−2, we have Θ˜ < 0. Moreover, in
the case Υ = 3.5 × 102, for ǫ2 ≥ 4.6 × 10−2, we have Θ˜ < 0. In the remaining cases, the
relation 0 < Θ˜ ≪ 1 holds, and hence the relation (48) is satisfied. Consequently, from
the above considerations, we see that all the relations (46)−(48) can be satisfied; that is,
an extremely large hierarchy of the eigenmasses of f and f˜ can be realized in the case
Υ = 1.5 × 104 for ǫ1 = ǫ2 + 1.0 × 10−4, ǫ2 = 1.0 × 10−3 + 1.0 × 10−4j (20 ≤ j ≤ 89),
and ǫ1 = ǫ2 + 1.0 × 10−3, ǫ2 = 1.0 × 10−2 + 1.0 × 10−3j (0 ≤ j ≤ 34), and in the case
Υ = 3.5 × 102 for ǫ1 = ǫ2 + 1.0 × 10−4, ǫ2 = 1.0 × 10−3 + 1.0 × 10−4j (60 ≤ j ≤ 89), and
ǫ1 = ǫ2 + 1.0 × 10−3, ǫ2 = 1.0 × 10−2 + 1.0 × 10−3j (0 ≤ j ≤ 34). Furthermore, from Figs.
4 and 5 we see that in the above cases, both 〈λ+〉 /M2 and 〈λ−〉 /M2 are positive, and the
ratio 〈λ−/λ+〉 is much smaller than unity. From the above results, we see that in the case
that the difference between the values of ǫ1 and ǫ2 is much smaller than ǫ1 and ǫ2 themselves,
i.e., |ǫ1− ǫ2| ≪ O[ǫi] [in other words, the two dilatons have an approximate O(2) symmetric
coupling], an extremely large hierarchy of the eigenmasses of f and f˜ can be realized.
Finally, we note that in all the above cases in which an extremely large hierarchy of the
eigenmasses of f and f˜ can be realized, the heavier eigenmass, m+ ≡
√〈λ+〉, is comparable
to or larger than the Hubble parameter in the inflationary stage, while the lighter eigenmass,
m− ≡
√〈λ−〉, is much smaller than the Hubble parameter in the inflationary stage. For
example, in the case (v) in Table I, we have m+/H ≈
√
〈λ+〉/(ΥM) = 4.3 and m−/H ≈√〈λ−〉/(ΥM) = 9.2×10−3, where we have used Eq. (41). Thus, it is expected that the scalar
field with the lighter eigenmass, m−, which is much smaller than the Hubble parameter in
the inflationary stage, can be regarded as corresponding to the curvaton.
4.3. Evolution of dilatons after inflation
In this subsection, we discuss the evolution of dilatons after inflation, in particular, when
and how the inflation ends and how reheating occurs in this model.
As shown in the cases considered in Table I of the previous subsection, from this point, we
mainly consider the following case ϕr =
√
ϕ21 + ϕ
2
2 ≈ γM , where γ(t) ≪ 1 during inflation.
In this case, during the inflationary stage the dilatons ϕi evolve as ϕr = Ct in the ansatz
(15) around the origin of the potential V [ϕi] = V0 cos (ϕr/M) + Λ in Eq. (3). Although ϕr
exists around the origin of the potential in the inflationary stage, after sufficient inflationary
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expansion, the amplitude of ϕr becomes large, and then ϕr approaches the minimum of the
potential, i.e., ϕr =Mπ, in which the value of the potential is V = −V0 + Λ ≈ 0, where the
last approximate equality follows from V0 ≈ Λ ≈ M4. As ϕr nears the potential minimum,
the potential steepens, and the evolution of ϕr becomes more rapid; as ϕr approaches and
then, inevitably, overshoots the minimum of its potential, it begins to oscillate about ϕr =
Mπ on a time scale short compared to the Hubble time. Hence, after the oscillation epoch, ϕr
does not evolve as ϕr = Ct but remains near the potential minimum, ϕr = Mπ. An enormous
vacuum energy of the dilatons then exists in the form of spatially coherent oscillations of the
dilatons, corresponding to a condensate of zero-momentum ϕi particles. Particle creations,
or, equivalently, the decay of ϕi particles into other, lighter fields to which it couples, will
damp these oscillations. Furthermore, as the decay products thermalize, the universe is
reheated.
Finally, we estimate the number of e-folds during inflation. This quantity is defined as9)
N ≡
∫ tf
ti
Hdt (52)
= ω ln
(
tf
ti
)
, (53)
where in deriving Eq. (53) we have used the relation H = ω/t. Moreover, it follows from the
considerations at the beginning of this subsection that ϕr(ti) ≈ γ(ti)M and ϕr(tf) ≈ Mπ.
On the other hand, from these relations and ϕr = Ct, we obtain
ti =
ϕr(ti)
C
≈ γ(ti)
C
M, (54)
tf =
ϕr(tf)
C
≈ π
C
M. (55)
Substituting Eqs. (54) and (55) into Eq. (53), we obtain
N ≈ ω ln
[
π
γ(ti)
]
. (56)
For example, in the case (v) of Table I, it follows from the values ω = 4.1 × 101 and
γ(ti) ≃ 3.5 × 10−4 and Eq. (56) that N = 3.7 × 102 > 70. Thus, the expansion of the
universe during the epoch of power-law inflation realized in this model is large enough to
solve both the horizon and flatness problems.
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§5. Curvaton scenario
In the previous section, we showed that when two dilatons have an approximate O(2)
symmetric coupling, a scalar field corresponding to the curvaton exists in this theory. Con-
sidering this point, in this section, we investigate the case in which the curvaton scenario
can be realized in this model. In particular, we consider a simple version of the curvaton
scenario following the outline given in Refs. 14) and 15).
5.1. Curvature perturbation
To begin with, we consider linear metric perturbations. (For a review of the theory of
cosmological perturbations, see Ref. 19).) The curvature perturbation on uniform-density
hypersurfaces ζ is related to the gauge-dependent curvature perturbation ψ on a generic
slicing and the energy density perturbation δρ in that gauge through the following gauge-
invariant formula:20)
ζ = −ψ −Hδρ
ρ˙
. (57)
Furthermore, the time dependence of ζ on super-horizon scales is given by20)
ζ˙ = − H
ρ+ P
δPnad, (58)
where P is the pressure and δPnad = δP − c2sδρ is a non-adiabatic pressure perturbation.
Here, c2s ≡ P˙ /ρ˙ is the adiabatic speed of sound. In the usual inflation scenario, in which ζ
is generated during inflation through the perturbation of a single-component inflaton field,
it becomes practically time independent soon after horizon exit and remains so until the
approach of horizon entry. By contrast, in the curvaton scenario, the curvature perturbation
generated in the inflationary stage is negligible, and it is generated later through a non-
adiabatic pressure perturbation associated with the curvaton perturbation. Finally, we note
that from this point, we mainly consider the curvature perturbation on super-horizon scales.
5.2. Curvaton field
Next, we investigate the case in which the curvaton scenario can be realized in this model.
As discussed in §3, power-law inflation in which the power-law exponent ω is much larger
than unity can be realized in this model, and hence the Hubble parameter H can be slowly
varying:
ǫH ≡ − H˙
H2
=
1
ω
≪ 1. (59)
The requirement for power-law inflation in the curvaton scenario is that the relation (59) be
satisfied; that is, the power-law exponent ω should be much larger than unity. Furthermore,
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as noted in the previous section, in the framework of this theory, the scalar field with the
lighter eigenmass, m−, which is much smaller than the Hubble parameter in the inflationary
stage, can be regarded as corresponding to the curvaton. From this point, we therefore
regard this field as the curvaton σ with mass mσ ≡ m−.
Here we assume a spatially flat FRW spacetime with the metric (8), and we take the
Lagrangian of the curvaton σ to be given by
Lσ = 1
2
(∂σ)2 − U [σ], (60)
where U [σ] is the potential of the curvaton. Furthermore, we assume that the curvature
perturbations is negligible during inflation. After the smallest cosmological scale leaves the
horizon, the curvature perturbation remains negligible until after the curvaton starts to
oscillate. Consequently, the curvaton evolves in unperturbed spacetime. In order to follow
this evolution, we assume that the curvaton has no significant coupling to other fields, or,
to be more precise, that the effect of any coupling can be integrated out to give a possibly
time-dependent effective potential U .
We can now split the curvaton field as
σ(x, t) = σ0(t) + δσ(x, t), (61)
where σ0 is the classical field, while δσ(x, t) represents the quantum fluctuations around σ0.
The unperturbed curvaton field satisfies
σ¨ + 3Hσ˙ + Uσ = 0, (62)
where the subscript σ denotes partial differentiation with respect to σ.
Expanding the perturbation of the curvaton δσ in Fourier modes,
δσ(x, t) =
∫
d3k
(2π)3/2
eik·xδσk(t), (63)
where k is the comoving wave number, and k denotes its amplitude, |k|, we can write the
equation for the perturbation as
¨δσk + 3H ˙δσk +
(
k2
a2
+ Uσσ
)
δσk = 0. (64)
Here we assume that the curvaton potential is sufficiently flat during inflation, i.e.,
|Uσσ| ≪ H2, (65)
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and that on cosmological scales each Fourier component is in the vacuum state well before
horizon exit. Then the vacuum fluctuation causes a classical perturbation δσk well after
horizon exit, which satisfies Eq. (64), with a negligible gradient term,
¨δσk + 3H ˙δσk + Uσσδσk = 0. (66)
In the limit that the relation (65) is satisfied, the power spectrum of the perturbation of the
curvaton on super-horizon scales is given by
P1/2δσ =
(
H∗
2π
)(
k
a∗H∗
)(nδσ−1)/2
, (67)
where the star denotes the epoch of horizon exit, k = a∗H∗. The spectral index specifying
the slight scale dependence is given by14), 15)
nδσ − 1 ≡ d lnPδσ
d ln k
= 2ησσ − 2ǫH , (68)
where ησσ ≡ Uσσ/(3H2).
Here we assume that the curvaton potential U [σ] is given by the following quadratic form
U [σ] =
1
2
mσ
2 (σ − v)2 , (69)
which has a global minimum at σ = v. The reason we have shifted the global minimum of
the potential from the origin to σ = v is as follows. In this model, as seen in §2 and §3,
the dilatons ϕi initially exist near the origin, along with the potential V [ϕi] in Eq. (3), and
then rapidly evolve in the inflationary stage. Hence, the initial field amplitude of the field
variables f and f˜ is also small, and then increases in proportion to t2 in the inflationary
stage. Because the curvaton considered here corresponds to the scalar field with the lighter
eigenmass, m−, it is conjectured that the initial amplitude of the curvaton is small and then
increases. In this case, it follows from the discussion in §4.3 that |Uσσ|/H2 ≃ mσ2/H2 ≪ 1,
and hence the relation (65) is satisfied. The spectral index of the primordial curvature
perturbation is estimated as 0.99± 0.04 by using the first year WMAP data only,11) where
the uncertainty represents the 68% confidence interval. For example, in the case (v) in Table
I appearing in §4.3, ǫH = 1/ω = 2.4 × 10−2 and ησσ ≃ mσ2/(3H2) = 2.8 × 10−5. Hence, it
follows from Eq. (68) that nδσ = 1 + 2ησσ − 2ǫH = 0.98, which is consistent with the above
observational constraint of WMAP.
The curvaton remains over damped until the Hubble parameter falls below the curvaton
mass mσ. The curvaton then starts to oscillate about its vacuum value, taken to be σ = v in
the curvaton potential U [σ] in Eq. (69). Here we suppose that the oscillation starts during
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the radiation-dominated era after the reheating epoch following inflation. It follows from
Eq. (67) that the spectrum of the fractional field perturbation at this stage is given by
P1/2δσ/σ¯ =
1
2π
H∗
σ¯∗
, (70)
where we have defined σ¯ ≡ |σ − v|. Moreover, the energy density in the oscillating field is
given by15)
ρσ(x, t) = m
2
σ
˜¯σ2(x, t), (71)
where ˜¯σ(x, t) is the amplitude of the oscillation. The perturbation in ρσ depends on the
curvaton field perturbation through both a linear and a quadratic term. Assuming that the
linear term dominates, however, we obtain
δρσ
ρσ
≈ 2
(
δσ
σ¯
)
∗
, (72)
where we have used δσ = δσ¯.
5.3. Generation of the curvature perturbation
In the previous subsection, we considered the epoch just after the Hubble parameter falls
below the curvaton mass, and the curvaton oscillation starts. Once the curvaton starts to
oscillate, the energy density becomes a mixture of that of the curvaton and radiation. At
this point, the pressure perturbation corresponding to this mixture becomes non-adiabatic,
and hence, according to Eq. (58), the generation of the curvature perturbation begins. It
ends when the pressure perturbation again becomes adiabatic, which is during the epoch of
curvaton matter domination, or the epoch of curvaton decay, whichever is earlier. Moreover,
at the stage at which the curvaton oscillation starts, it is assumed that the dominant portion
of the energy density comes from the radiation. The curvaton, however, is assumed to be
fairly long-lived, while decaying before nucleosynthesis. As long as the decay rate of the
curvaton Γσ is negligible, i.e., Γσ ≪ H , we obtain ρσ ∝ a−3(t) and ρr ∝ a−4(t), leading
to ρσ/ρr ∝ a(t), where ρσ is the energy density of the curvaton σ, and ρr is that of the
radiation. It is this increase in the relative curvaton energy density which generates the
curvature perturbation.
In order to analyze the generation of the curvature perturbation, it is convenient to sep-
arately consider the curvature perturbations ζr and ζσ on, respectively, slices of uniform ra-
diation density and curvaton density. These curvature perturbations on super-horizon scales
are separately conserved,20) as the radiation and the curvaton are perfectly non-interacting
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fluids. The curvature perturbations are given by20)
ζ = −Hδρ
ρ˙
= −Hδρr + δρσ
ρ˙r + ρ˙σ
, (73)
ζr = −Hδρr
ρ˙r
=
1
4
δρr
ρr
, (74)
ζσ = −Hδρσ
ρ˙σ
=
1
3
δρσ
ρσ
, (75)
where the density perturbations are defined on the flat slicing of spacetime (ψ = 0). It
follows from Eqs. (73)−(75) that the total curvature perturbation ζ can be written as
ζ = (1− r)ζr + rζσ, (76)
where the relative contribution of the curvaton to the total curvature is given by
r =
3ρσ
4ρr + 3ρσ
. (77)
As is usually done in the curvaton scenario, here we assume that the curvature perturbation
in the radiation produced at the end of inflation is negligible, i.e., ζr ≈ 0. Furthermore, we
assume that the curvaton decays instantaneously at the time that H = Hdec = Γσ, where
Hdec is the Hubble parameter in the decay epoch. In this case, it follows from Eq. (76) that
the curvature perturbation during the decay epoch is given by
ζ ≈ rdecζσ (78)
≈ 2
3
rdec
(
δσ
σ¯
)
∗
, (79)
where the approximate equality in Eq. (79) follows from Eqs. (72) and (75). Here, rdec is
the relative contribution of the curvaton to the total curvature during the decay epoch, i.e.,
when H = Hdec. Consequently, it follows from Eqs. (70) and (79) that the spectrum of the
curvature perturbation in the curvaton scenario is given by
Pζ1/2 ≈ 2
3
rdecP1/2δσ/σ¯ (80)
≈ rdec
3π
H∗
σ¯∗
. (81)
The amplitude of the curvature perturbation required by the WMAP measurement11) is
estimated as
P1/2ζ (WMAP) ≃ 5.2× 10−5. (82)
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In the case that the curvaton dominates the energy density before it decays (that is, rdec = 1),
it follows from Eq. (80) that the result in Eq. (82) implies the following amplitude of the
spectrum of the fractional field perturbation of the curvaton:
P1/2δσ/σ¯ ≃ 7.7× 10−5. (83)
Thus, in the case that the curvaton dominates the energy density before it decays, if the
spectrum amplitude of the fractional field perturbation of the curvaton is approximately
7.7 × 10−5 (i.e., it follows from Eq. (70) that H∗/σ¯∗ ≃ 4.8 × 10−4), then the curvature
perturbation with the amplitude suggested by observations obtained from WMAP can be
generated.
Finally, we note that the arguments given in this section employ analysis in the Einstein
frame. It is not obvious whether the same property exists in the Jordan frame, which is the
conformal frame considered in this model. It is shown in Appendix C, however, that the
power spectrum of the curvature perturbation in the Einstein frame exactly coincides with
that in the Jordan frame. Thus, the results of the above arguments obtained from analysis
in the Einstein frame, are identical to those in the Jordan frame.
§6. Conclusion
In the present paper, we have shown that the curvaton scenario is realized in a theory
with two dilatons coupled to the scalar curvature.3) This theory has been considered in
order to simultaneously solve the hierarchy problem between gravity and particle physics
mass scales and the small cosmological constant or the dark energy problem. We have found
that when both coupling constants between two dilatons and the scalar curvature are much
smaller than unity, power-law inflation in which the power-law exponent is much larger
than unity is realized in this model, and that when the difference between the values of
the two coupling constants is much smaller than these values themselves [in other words,
the two dilatons have an approximate O(2) symmetric coupling], there exists a scalar field
corresponding to the curvaton whose mass is much smaller than the Hubble parameter in
the inflationary stage in this theory. This is realized without introducing any other scalar
field that may play the role of the curvaton. Furthermore, we have investigated the simple
version of the curvaton scenario in which the curvaton has a quadratic potential, and we
demonstrated that a curvature perturbation with a sufficiently large amplitude and a nearly
scale-invariant spectrum suggested by observations obtained from WMAP can be generated.
Finally, we note that in the present model, ϕr =
√
ϕ21 + ϕ
2
2 ≈ γ(t)M exists around the
origin of the potential V in Eq. (3) in the inflationary stage; i.e., the case γ(t) ≪ 1 during
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inflation is considered. After sufficient inflationary expansion, the amplitude of ϕr becomes
large, and then ϕr approaches the first minimum of the potential. After the oscillation epoch,
ϕr remains around the first potential minimum. Finally, the dilatons decay into radiation
through coupling to other lighter fields, and then the universe is reheated. By contrast, in
the scenario proposed in Ref. 3), the following case is considered: In the inflationary stage,
ϕr goes over many local maxima of the potential and then changes for many periods; i.e.,
there exist the relations γ(t) & 1 and γ(tf)−γ(ti)≫ 1, where tf and ti are the time at the end
and beginning of inflation, respectively. Thus, the situation for the evolution of ϕr during
inflation considered in the present model is different from that in the scenario proposed in
Ref. 3).
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Appendix A
Eigenmasses of f and f˜
In this appendix, following the discussion in §4, we first derive the fluctuation equation
in terms of f = ǫ1ϕ
2
1 + ǫ2ϕ
2
2 and f˜ = ǫ1ϕ
2
1 − ǫ2ϕ22 in order to derive these mass values in the
inflationary stage. Next, we investigate these eigenmasses in order to show that an extremely
large hierarchy of the mass values of f and f˜ in the inflationary stage can be realized.
A.1. Background quantities
To begin with, as the preliminary stage for investigating the fluctuation equation in
terms of f and f˜ , we consider the terms on the right-hand side of Eqs. (10) and (11). From
f = ǫ1ϕ
2
1 + ǫ2ϕ
2
2 and ϕr
2 = ϕ21 + ϕ
2
2, we find
ϕ21 =
f − ǫ2ϕr2
ǫ1 − ǫ2 , ϕ
2
2 =
−f + ǫ1ϕr2
ǫ1 − ǫ2 . (A
.1)
Then, using Eq. (A.1), we obtain
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
= (ǫ1 + ǫ2)− ǫ1ǫ2ϕr
2
f
, (A.2)
ϕ1ϕ2
f
= ± 1
ǫ1 − ǫ2
√(
−1 + ǫ1ϕr
2
f
)(
1− ǫ2ϕr
2
f
)
, (A.3)
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f˜ = ǫ1ϕ
2
1 − ǫ2ϕ22 =
f
ǫ1 − ǫ2
[
(ǫ1 + ǫ2)− 2ǫ1ǫ2ϕr
2
f
]
. (A.4)
Furthermore, from f˙ = 2 (ǫ1ϕ1ϕ˙1 + ǫ2ϕ2ϕ˙2) and L = ϕ1ϕ˙2 − ϕ2ϕ˙1, we find
ϕ˙1 =
ϕ1f˙ − 2ǫ2ϕ2L
2f
, ϕ˙2 =
ϕ2f˙ + 2ǫ1ϕ1L
2f
. (A.5)
Using Eq. (A.5), we obtain
ǫ1ϕ˙1
2 + ǫ2ϕ˙2
2 =
1
4f
(
f˙ 2 + 4ǫ1ǫ2L
2
)
, (A.6)
ǫ1ϕ˙1
2 − ǫ2ϕ˙22 = 1
4f
[
f˜
f
(
f˙ 2 − 4ǫ1ǫ2L2
)
− 8ǫ1ǫ2f˙L
(
ϕ1ϕ2
f
)]
, (A.7)
ϕ˙1
2 + ϕ˙2
2 = ϕ˙r
2 +
L2
ϕ2r
=
1
4f 2
[
ϕr
2f˙ 2 + 4(ǫ1 − ǫ2)ϕ1ϕ2f˙L+ 4(ǫ21ϕ21 + ǫ22ϕ22)L2
]
. (A.8)
It follows from Eq. (A.8) that the quadric equation in terms of L reads[(
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
f
)(
ϕr
2
f
)
− 1
]
L2 + (ǫ1 − ǫ2)
(
ϕr
2
f
)(
ϕ1ϕ2
f
)
f˙L
+
1
4
(
ϕr
2
f
)2
f˙ 2 − ϕr2ϕ˙r2 = 0. (A.9)
The solution of Eq. (A.9) is given by
L =
[
2(ǫ1 − ǫ2)
(
ϕ1ϕ2
f
)]−1 [
−
(
ϕr
2
f
)
f˙ ± 2ϕrϕ˙r
]
, (A.10)
where in deriving this expression we have used Eq. (A.3). Thus, from Eqs. (A.2)−(A.4),
(A.6)−(A.8), and (A.10), we see that all the terms on the right-hand side of Eqs. (10) and
(11) can be represented in terms of f and ϕr.
Next, we consider approximate expressions of A, B, and C. We again assume ϕ21 ≈ ϕ22
and ϕ˙1
2 ≈ ϕ˙22, as in the case that we approximately determined ω in terms of ǫi in §3.
Applying these approximate relations to Eq. (20) and using Eqs. (24), (25) and (28), we find
A ≈ 32
3
(
β
α
)2
Λ, (A.11)
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where in deriving this approximate expression we have employed the relation ǫi ≪ 1, that
is, α/β ≫ 1, and hence ω ≫ 1. In the same way, from Eqs. (21) and (A.11) we find
C2 +
B2
C2
≈ 32β
3α
Λ. (A.12)
Furthermore, applying one of the above approximate relations, ϕ21 ≈ ϕ22, to ϕr2/f and using
the ansatz (15), we find
ϕr
2
f
=
C2
A
≈ 2
α
. (A.13)
Thus, from Eqs. (A.11) and (A.13), we find
C ≈
√
64β2
3α3
Λ, (A.14)
where we have taken the positive value of C.
On the other hand, substituting the ansatz (15) into the solution of the quadric equation
in terms of L, (A.10), we find
B = ±2C2
[(
−1 + ǫ1 C
2
A
)(
1− ǫ2 C
2
A
)]−1/2
(A.15)
≈ ±128β
2
3α3
√
α2
2β − α2 Λ, (A
.16)
where the second approximate equality follows from Eqs. (A.11) and (A.13).
A.2. Linearized equations
In this subsection, we discuss the fluctuation equation in terms of f = ǫ1ϕ
2
1 + ǫ2ϕ
2
2 and
f˜ = ǫ1ϕ
2
1 − ǫ2ϕ22 in order to derive these mass values in the inflationary stage. With the
ansatz
f = f0 + δf, |δf | ≪ |f0| ,
f˜ = f˜0 + δf˜ ,
∣∣∣δf˜ ∣∣∣≪ ∣∣∣f˜0∣∣∣ , (A
.17)
where f0 and f˜0 are the zeroth-order quantities, which satisfy Eqs. (10) and (11), respectively,
we obtain the linearized equations(
δ¨f + 3H ˙δf
¨δf˜ + 3H ˙δf˜
)
= −M2
(
δf
δf˜
)
, (A.18)
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where we have retained the terms up to first order in δf and δf˜ . Moreover, we have omitted
the quantities in terms of ˙δf and ˙δf˜ derived from the right-hand side of Eqs. (10) and (11).
This is because, as we see from the ansatz (15) and Eq. (A.4), both f and f˜ are proportional
to t2, and thus, in the large t limit we have
∣∣∣ ˙δf ∣∣∣ ≪ δf and ∣∣∣ ˙δf˜ ∣∣∣ ≪ δf˜ . Incidentally, the
reason we have chosen the field variable f˜ as the partner of the coupling f is that f˜ is a
simple quantity satisfying the conditions that it have the same dimensions as f and that it
be expressed as a linear combination of ϕ21 and ϕ
2
2.
In deriving the linearized equations (A.18), we have taken into account the following
point: From Eqs. (A.2)−(A.4), (A.6)−(A.8), and (A.10), we see that all the terms on the
right-hand side of Eqs. (10) and (11) can be represented in terms of f and ϕr, as noted in the
previous subsection. Furthermore, from Eq. (A.4), we find ϕr
2 =
[
(ǫ1 + ǫ2)f − (ǫ1 − ǫ2)f˜
]
/(2ǫ1ǫ2).
Hence, the fluctuation δϕr induced by δf and δf˜ can be represented as follows:
δϕr =
1
4ǫ1ǫ2ϕr
[
(ǫ1 + ǫ2)δf − (ǫ1 − ǫ2)δf˜
]
. (A.19)
Thus, all the fluctuations derived from the right-hand side of Eqs. (10) and (11) can be
represented in terms of δf and δf˜ by using Eqs. (A.2)−(A.4), (A.6)−(A.8), (A.10) and
(A.19).
From the above, we find that M2 is given by
M2 ≡
(
M211 M212
M221 M222
)
, (A.20)
with
M211 = −4F−2 (2F − 1)Q 1
f
V
− 2F−1
[
−1 + ǫ1 + ǫ2
ǫ1ǫ2
(
1
4
f
ϕr2
+ U
)
− 6Q
F
]
1
ϕr
V ′
+ F−1
ǫ1 + ǫ2
2ǫ1ǫ2
f
ϕr2
V ′′
− F−1
{
Q
F
ϕ˙1
2 + ϕ˙2
2
f
+
ǫ1 + ǫ2
ǫ1ǫ2
U
L2
ϕr4
− 1 + 6(ǫ1 + ǫ2)
2F
J
+
Q
ǫ1ǫ2
I
ϕr2
[
Q2
I
f
−Qf˙
f
± (ǫ1 + ǫ2) ϕ˙r
ϕr
]}
(A.21)
≈ −3α(2β − α
2)
8β2
V
Λt2
+
3
√
3α3/2(α2 − 4β)
16β(α2 − β)
V ′√
Λt
+
α2
2(α2 − β)V
′′
26
+
C11
β(α2 − β)(2β − α2)
1
t2
, (A.22)
M212 = −4F−2(ǫ1 − ǫ2) 1
f
V
− 2F−1(ǫ1 − ǫ2)
[
− 1
ǫ1ǫ2
(
1
4
f
ϕr2
+ U
)
+
6
F
]
1
ϕr
V ′
− F−1 ǫ1 − ǫ2
2ǫ1ǫ2
f
ϕr2
V ′′
+ F−1 (ǫ1 − ǫ2)
[
1
F
ϕ˙1
2 + ϕ˙2
2
f
+
U
ǫ1ǫ2
L2
ϕr4
+
3
F
J
+
Q
ǫ1ǫ2
I
ϕr2
(
Q
I
f
− f˙
f
± ϕ˙r
ϕr
)]
(A.23)
≈ ±
√
2β − α2
{
−3α
2
8β2
V
Λt2
+
√
3α3/2(α2 + 8β)
16αβ(α2 − β)
V ′√
Λt
− α
2(α2 − β)V
′′
+
C12
β(α2 − β)(2β − α2)
1
t2
}
, (A.24)
M221 = 4F−2 Q
ǫ1 − ǫ2 [(ǫ1 + ǫ2) + 24ǫ1ǫ2]
1
f
V
− F
−1
ǫ1 − ǫ2
{
Q
(
−12Q
F
+
ǫ1 + ǫ2
2ǫ1ǫ2
f
ϕr2
)
+ 48ǫ1ǫ2
[(
1 +
6Q
F
)
P −Q ϕr
2
f
]
+ 12(ǫ1 + ǫ2)
(
2Q− P f
ϕr2
)
+
(ǫ1 + ǫ2)(ǫ1 − ǫ2)
ǫ1ǫ2
W
}
1
ϕr
V ′
− F−1 ǫ1 + ǫ2
ǫ1 − ǫ2
(
− Q
2ǫ1ǫ2
+ 12P
)
f
ϕr2
V ′′
+
1
ǫ1 − ǫ2
1
f 2
[
Q
(
f˙ 2 − 4ǫ1ǫ2L2
)
+
(
4ǫ1ǫ2P −Q2
)
f˙ I
]
− F−1
{
Q
(ǫ1 − ǫ2)F [(ǫ1 + ǫ2) + 24ǫ1ǫ2]
(
ϕ˙1
2 + ϕ˙2
2
f
+ 3J
)
+W
(
3J +
ǫ1 + ǫ2
2ǫ1ǫ2
L2
ϕr4
)}
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+
1
ǫ1 − ǫ2
{
f˙
f
−
[
Q +
ǫ1 − ǫ2
2ǫ1ǫ2
W
F
(
f
ϕr2
+ 12ǫ1ǫ2
)]
I
f
}
×
[
Q2
I
f
−Qf˙
f
± (ǫ1 + ǫ2) ϕ˙r
ϕr
]
(A.25)
≈ ±
√
2β − α2
{
3α2
8β2
V
Λt2
− 9
√
3α5/2
16β(α2 − β)
V ′√
Λt
+
α
2(α2 − β)V
′′
}
+
C21
(±
√
2β − α2)β(α2 − β)
1
t2
, (A.26)
M222 = −4F−1
[
(ǫ1 + ǫ2)− 6(ǫ1 − ǫ2)W
F
]
1
f
V
+ F−1
{
2
[
1− 6Q
F
+ 6
(
2Q− P f
ϕr2
)
+ 144ǫ1ǫ2
P
F
]
+
1
2ǫ1ǫ2
[
2(ǫ1 − ǫ2)W +Q f
ϕr2
]}
1
ϕr
V ′
− F−1
(
Q
2ǫ1ǫ2
− 12P
)
f
ϕr2
V ′′
+
1
2f 2
(
−f˙ 2 + 4ǫ1ǫ2L2 + 2Qf˙I
)
+ F−1
{[
(ǫ1 + ǫ2)− 6(ǫ1 − ǫ2)W
F
](
ϕ˙1
2 + ϕ˙2
2
f
+ 3J
)
+
ǫ1 − ǫ2
2ǫ1ǫ2
W
L2
ϕr4
}
−
{
f˙
f
−
[
Q+
ǫ1 − ǫ2
2ǫ1ǫ2
W
F
(
f
ϕr2
+ 12ǫ1ǫ2
)]
I
f
}(
Q
I
f
− f˙
f
± ϕ˙r
ϕr
)
(A.27)
≈ −3α
3
8β2
V
Λt2
+
√
3α3/2(14β − 5α2)
16β(α2 − β)
V ′√
Λt
− 2β − α
2
2(α2 − β)V
′′
+
C22
β(α2 − β)(2β − α2)
1
t2
, (A.28)
where
F = 1 + 12
[
(ǫ1 + ǫ2)− ǫ1ǫ2ϕr
2
f
]
= 1 + 12U ≈ 1 + 12β
α
, (A.29)
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Q = (ǫ1 + ǫ2)− 2ǫ1ǫ2ϕr
2
f
≈ 2β − α
2
α
, (A.30)
U = (ǫ1 + ǫ2)− ǫ1ǫ2ϕr
2
f
≈ β
α
, (A.31)
J =
1
f 2
(
f˙ 2 + 4ǫ1ǫ2L
2
)
≈ 4
(
7α2 − 6β
2β − α2
)
1
t2
, (A.32)
I = − 1
2P
[
−
(
ϕr
2
f
)
f˙ ± 2ϕrϕ˙r
]
≈ 128
3
β2
α(2β − α2) Λt, (A
.33)
P = −
(
1− ǫ1ϕr
2
f
)(
1− ǫ2ϕr
2
f
)
≈ 2β − α
2
α2
, (A.34)
W = (ǫ1 − ǫ2) + ǫ1 + ǫ2
ǫ1 − ǫ2 Q ≈ ±2
√
2β − α2, (A.35)
C11 = 7α
4β − 16β3 − 2α2β2 − α6 − 96β(α
2 − β)2(2β − α2)
α
, (A.36)
C12 = 14αβ
2 − α3β − α5 + 48β(α
2 − β) [2α(α2 − β)− 3β(7α2 − 6β)]
α
, (A.37)
C21 = α
5 − 8αβ2 − 5α3β + 12β(−7α4 + α2β + 10β2), (A.38)
C22 = α
[
α(14β2 − α4 − α2β) + 12β(7α4 − 9α2β − 2β2)] . (A.39)
Here, the expression for F given in (A.29) follows from Eqs. (12) and (A.2).
In deriving the last approximate equality in each of the equations (A.22), (A.24), (A.26),
and (A.28)−(A.35), we have used Eqs. (24), (25), (A.11), (A.12), (A.14), and (A.16). More-
over, in the last approximate equality in each of the equations (A.22), (A.24), (A.26), and
(A.28), we have retained all the leading-order terms and some of the sub-leading order terms
in ǫi and omitted the rest of the sub-leading order terms, which are explicitly unimportant.
Furthermore, in deriving the last approximate equality in (A.33), we have taken the negative
sign, so that I has a finite value. If we take the positive sign, under the approximation in
(A.13), we have I ≈ 0. Since it follows from Eqs. (A.10), (A.33), and (A.34) that the angular
momentum is given by L = − (±P 1/2) I, and because here we consider the case L 6= 0, we
have taken the negative sign so that the angular momentum can have a finite value. Hence,
in deriving the approximate expressions (A.22), (A.24), (A.26) and (A.28), we have taken
the negative sign in the last term on the right-hand side of each of Eqs. (A.21), (A.23),
(A.25) and (A.27), because the sign of these terms is determined by the angular momentum
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L, and L is proportional to I, as shown above.
We finally emphasize that all the terms in each of the components ofM2 can be expressed
in terms of the background quantities f = At2, L = Bt and ϕr = Ct in the inflationary stage,
and hence can be approximately represented in terms of α and β by using the expressions
(A.11), (A.12), (A.14) and (A.16), as shown in expressions (A.22), (A.24), (A.26) and (A.28).
A.3. Mass diagonalization
Next, in order to show that an extremely large hierarchy of the mass values of f and
f˜ in the inflationary stage can be realized, we investigate these eigenmasses by solving the
characteristic equation of M2,
det
(M2 − λE) = 0 ⇐⇒ λ2 − TrM2λ+ detM2 = 0, (A.40)
where λ is the eigenvalue of M2 and E is the unit matrix. The solutions of Eq. (A.40) are
equivalent to the diagonal components of the diagonalized form of M2, namely, the square
of the eigenmasses of f and f˜ . The solution of Eq. (A.40) is given by
λ± =
TrM2
2
[
1±
√
1− 4 detM
2
(TrM2)2
]
. (A.41)
In this subsection, in order to evaluate the solutions (A.41), we derive approximate expres-
sions of TrM2 and detM2.
From Eq. (3) and the expressions (A.22), (A.24), (A.26), and (A.28), we can obtain
approximate expressions for TrM2 and detM2. For convenience in describing these expres-
sions, we define TrM2 ≡ (TrM2)(0)+(TrM2)(1) and detM2 ≡ (detM2)(0)+(detM2)(1)+
(detM2)(2), where (TrM2)(0) and (detM2)(0) are the parts independent of the sine functions,
while (TrM2)(1) and (detM2)(1) are the parts proportional to sin [ϕr/M + arctan (X1/X2)]
and sin [ϕr/M + arctan (Y1/Y2)], respectively, and (detM2)(2) is the part proportional to
sin [2ϕr/M + arctan (Z1/Z2)]. [X1, X2, Y1, Y2, Z1 and Z2 are given in Eqs. (A.49)−(A.54).]
We then obtain the approximate expressions for TrM2 and detM2 as
TrM2 =M211 +M222
≡ (TrM2)(0) + (TrM2)(1), (A.42)
(TrM2)(0) ≈
[
−3α
4β
+
C11 + C22
β(α2 − β)(2β − α2)
]
1
t2
, (A.43)
(TrM2)(1) ≈
√
X21 +X
2
2 sin
(
ϕr
M
+ arctan
X1
X2
)
1
t2
, (A.44)
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and
detM2 =M211M222 −M212M221
≡ (detM2)(0) + (detM2)(1) + (detM2)(2), (A.45)
(detM2)(0) ≈
{
3α
8β3(α2 − β)
[
− α
2
2β − α2C11 − C22 + α (C21 − C12)
]
+
C11C22 − (2β − α2)C12C21
β2(α2 − β)2(2β − α2)2
+
3α3
64β4
[
9α(2β − α2) + α
6 − 11α2β2 + 2α4β + 8β3
64(α2 − β)2
1
Υ 2
]}
1
t4
, (A.46)
(detM2)(1) ≈
√
Y 21 + Y
2
2 sin
(
ϕr
M
+ arctan
Y1
Y2
)
1
t4
, (A.47)
(detM2)(2) ≈
√
Z21 + Z
2
2 sin
(
2
ϕr
M
+ arctan
Z1
Z2
)
1
t4
, (A.48)
where
X1 = −3α
4β
(
1 +
α
48β
1
Υ 2
)
, (A.49)
X2 =
√
3α5/2
64β2
1
Υ
, (A.50)
Y1 =
3α
8β3(α2 − β)
[
− α
2
2β − α2C11 − C22 + α (C21 − C12)
]
+
9α4(2β − α2)
16β4
− α
2
128β3(α2 − β)
{
1
α2 − β
[
−C11 + α
2
2β − α2C22 + α (C21 − C12)
]
+
3α(2β2 − α4)
4β
}
1
Υ 2
, (A.51)
Y2 = −
√
3α5/2
128β3(α2 − β)
{
1
α2 − β
[
(14β − 5α2)C11 + 3(α2 − 4β)C22
2β − α2 + 9αC12
− (α
2 + 8β)C21
α
]
+
3(12α3β − 22αβ2 + α5)
4β
}
1
Υ
, (A.52)
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Z1 =
3α3
64β4
[
3α(2β − α2) + 7α
6 − 5α2β2 − 10α4β + 8β3
64(α2 − β)2
1
Υ 2
]
, (A.53)
Z2 =
√
3α5/2
1024β4
[
−3(12α
3β − 22αβ2 + α5)
α2 − β +
α2
4
1
Υ 2
]
1
Υ
. (A.54)
Here we have considered the case V0 ≈ Λ ≈M4. Moreover, from Eq. (41), we have used the
relation
M ≈ H
Υ
=
ω
Υ
1
t
≈ α
8β
1
Υ
1
t
, (A.55)
where the last approximate equality follows from Eq. (28).
Appendix B
Power-Law Inflation in the Einstein Frame
In this appendix, we show that power-law inflation can be realized in this model not only
in the Jordan frame, as shown in §3, but also in the Einstein frame.
B.1. Action
To begin with, we make the following conformal transformation of the action in Eq. (1):
gµν → gˆµν = Ω2gµν , (B.1)
with
Ω =
√
2f. (B.2)
Here, the hat denotes quantities in the Einstein frame. Moreover, f(ϕi) = ǫ1ϕ
2
1+ ǫ2ϕ
2
2 in Eq.
(2) is the coupling between the dilaton and the scalar curvature. The action in the Einstein
frame is then given by6), 21)
SE =
∫
d4xˆ
√
−gˆ
{
−1
2
Rˆ +
1
2
∑
i
[
3
2
(
fϕi
f
)2
+
1
2f
]
gˆµν∂µϕi∂νϕi
+ 6ǫ1ǫ2
ϕ1ϕ2
f 2
gˆµν∂µϕ1∂νϕ2 − Vˆ [ϕi] + Lˆm
}
, (B.3)
with
Vˆ [ϕi] =
V [ϕi]
4f 2
. (B.4)
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Here, the subscript ϕi denotes partial differentiation with respect to ϕi. Moreover, in deriving
the expression for the third term on the right-hand side of Eq. (B.3), namely, the cross term,
we have used the symmetry between µ and ν. Because there exists this cross term in the
action in Eq. (B.3), we introduce new scalar fields defined as
∂µϕ˜1 ≡ 1√
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
(ǫ1ϕ1∂µϕ1 + ǫ2ϕ2∂µϕ2) , (B.5)
∂µϕ˜2 ≡ 1√
ǫ21ϕ
2
1 + ǫ
2
2ϕ
2
2
(−ǫ2ϕ2∂µϕ1 + ǫ1ϕ1∂µϕ2) , (B.6)
so that the cross term can be removed. Then the action in Eq. (B.3) can be rewritten in the
form
SE =
∫
d4xˆ
√
−gˆ
{
−1
2
Rˆ +
1
2
∑
i
[
3
2
(
fϕi
f
)2
+
1
2f
+ (−1)1+i 6
(
ǫ2ϕ2
f
)2]
gˆµν∂µϕ˜i∂νϕ˜i
− Vˆ [ϕi] + Lˆm
}
, (B.7)
where i in the third term in the brackets on the right-hand side of Eq. (B.7) corresponds to
the subscript of ϕi (i = 1, 2).
Furthermore, we introduce new scalar fields defined as
d ˆ˜ϕi
dϕ˜i
≡
√
DE (ϕi), (B.8)
with
DE (ϕi) =
3
2
(
fϕi
f
)2
+
1
2f
+ (−1)1+i 6
(
ǫ2ϕ2
f
)2
, (> 0) (B.9)
so that the action in Eq. (B.7) can be rewritten in the following canonical form:
SE =
∫
d4xˆ
√
−gˆ
[
−1
2
Rˆ +
1
2
gˆµν∂µ ˆ˜ϕi∂ν ˆ˜ϕi − Vˆ [ϕi] + Lˆm
]
. (B.10)
It is conjectured that if the potential Vˆ is written in terms of ˆ˜ϕ1 and ˆ˜ϕ2, the form is
complicated.
B.2. Field equations
Field equations can be derived by taking variations of the action in Eq. (B.10) with
respect to the metric gˆµν and the dilatons ϕˆi as follows:
Rˆµν − 1
2
gˆµνRˆ = Tˆ
(m)
µν + Tˆ
(ϕi)
µν , (B.11)
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with
Tˆ (ϕi)µν = ∂µ ˆ˜ϕi∂ν ˆ˜ϕi − gˆµν
[
1
2
gˆµν∂µ ˆ˜ϕi∂ν ˆ˜ϕi − Vˆ [ϕi]
]
, (B.12)
and
ˆ ˆ˜ϕi = −
∂Vˆ
∂ ˆ˜ϕi
, (B.13)
where ˆ ≡ gˆµν∇ˆµ∇ˆν .
We now assume spatially flat Friedmann-Robertson-Walker (FRW) spacetime with the
metric
ds2 = gµνdx
µdxν = dt2 − a2(t)dx2, (B.14)
to which we apply the conformal transformation in Eq. (B.1) as follows:
dsˆ2 = gˆµνdx
µdxν = Ω2ds2 = Ω2dt2 −Ω2a2(t)dx2. (B.15)
We write the above line element in the form
dsˆ2 = dtˆ
2 − aˆ2 (tˆ) dx2, (B.16)
through which tˆ is defined as the cosmic time in the Einstein frame, and aˆ
(
tˆ
)
as the scale
factor. From Eqs. (B.15) and (B.16), we find
dtˆ = Ωdt, (B.17)
aˆ = Ωa. (B.18)
In the FRW metric (B.16), the background gravitational field equations read
Hˆ2 =
(
1
aˆ
daˆ
dtˆ
)2
=
1
3

Tˆ (m)00 + 12


(
d ˆ˜ϕ1
dtˆ
)2
+
(
d ˆ˜ϕ2
dtˆ
)2+ Vˆ

 , (B.19)
dHˆ
dtˆ
= −1
6

−Tˆ (m) + 4Tˆ (m)00 + 3


(
d ˆ˜ϕ1
dtˆ
)2
+
(
d ˆ˜ϕ2
dtˆ
)2

 . (B.20)
Moreover, the equations of motion for the background homogeneous scalar fields read
d2 ˆ˜ϕi
dtˆ2
+ 3Hˆ
d ˆ˜ϕi
dtˆ
= − ∂Vˆ
∂ ˆ˜ϕi
. (B.21)
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B.3. Power-law inflation
Next, we show that power-law inflation can be realized in the Einstein frame. Substituting
Eq. (B.2) with f = At2 in the ansatz (15) in the Jordan frame into Eq. (B.17), we find
dtˆ =
√
2Atdt. (B.22)
Integrating Eq. (B.22), we obtain
tˆ =
√
A
2
t2, (B.23)
where we have chosen the constant of integration so that tˆ = 0 at t = 0.
Here we seek solutions with the following ansatz:
aˆ ∝ tˆωˆ. (B.24)
We now assume that in the inflationary stage, the cosmic energy density is dominated by
the dilatons, and hence Tˆ
(m)
µν is negligible. Substituting the ansatz (B.24) into Eqs. (B.19)
and (B.20) and using Eq. (B.4) with f = At2, we obtain
ωˆ2
tˆ2
=
1
6

(d ˆ˜ϕ1
dtˆ
)2
+
(
d ˆ˜ϕ2
dtˆ
)2+ V
24A
1
tˆ2
, (B.25)
− ωˆ
tˆ2
= −1
2

(d ˆ˜ϕ1
dtˆ
)2
+
(
d ˆ˜ϕ2
dtˆ
)2 . (B.26)
Eliminating
[
d ˆ˜ϕ1/
(
dtˆ
)]2
+
[
d ˆ˜ϕ2/
(
dtˆ
)]2
from Eqs. (B.25) and (B.26), we obtain
ωˆ2 − 1
3
ωˆ − V
24A
= 0. (B.27)
The solution of Eq. (B.27) is given by
ωˆ =
1
6
(
1 +
√
1 +
3
2
V
A
)
(B.28)
≈ 1
6
(
1 +
√
1 + 9ω2
)
, (B.29)
where we have taken the positive solution of ωˆ. Moreover, in deriving the approximate
equality in Eq. (B.29), we have ignored variation of the potential, and hence replaced V
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by its average value Λ (as done in §3 in deriving the solutions of power-law inflation in the
Jordan frame) and used the relation Λ/A ≈ 3/(32) (α/β)2 ≈ 6ω2, where the first approximate
equality follows from Eq. (A.11), and in deriving the last approximate equality we have used
Eq. (28). Hence, it follows from Eq. (B.29) that if the power-law exponent ω in the Jordan
frame is much larger than unity, the power-law exponent ωˆ in the Einstein frame can also
be much larger than unity. Because power-law inflation with ω ≫ 1 can be realized in
the Jordan frame, as shown in §3 and §4.2, power-law inflation can also be realized in the
Einstein frame.
Finally, we estimate the number of e-folds during inflation in the Einstein frame. As in
the Jordan frame, this number is defined as9)
Nˆ ≡
∫ tˆf
tˆi
Hˆdtˆ (B.30)
= ωˆ ln
(
tˆf
tˆi
)
, (B.31)
where in deriving Eq. (B.31), we have used Hˆ = ωˆ/tˆ. Applying Eq. (B.23) to Eq. (B.31),
we obtain
Nˆ = 2ωˆ ln
(
tf
ti
)
(B.32)
≈ 2ωˆ ln
[
π
γ(ti)
]
. (B.33)
Here, in deriving Eq. (B.33), we have used Eqs. (54) and (55). For example, in the case (v)
in Table I, it follows from ω = 4.1 × 101 and Eq. (B.29) that ωˆ = 2.1 × 101. Furthermore,
it follows from this value of ωˆ, the relation γ(ti) ≃ 3.5 × 10−4 and Eq. (B.33) that Nˆ =
3.7 × 102 > 70. Thus, the expansion of the universe during the power-law inflation in the
Einstein frame is large enough to solve both the horizon and flatness problems. Thus our
result in the Einstein frame is the same as that in the Jordan frame, considered in §4.3.
Appendix C
Equivalence of the Power Spectra of the Curvature Perturbations in the Jordan and
Einstein Frames
In this appendix, we show that the power spectra of the curvature perturbations in the
Jordan and Einstein frames are the same, following the outline given in Ref. 21). Here we
note that in this appendix we consider the case in which there exists a scalar field coupled
to the scalar curvature, as shown in Eq. (C.1).
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C.1. Curvature perturbations in the Jordan frame
We first consider the power spectrum of curvature perturbations in the Jordan frame.
To begin with, we consider the action
SJ =
∫
d4x
√−g
[
−1
2
F(φ)R + 1
2
(∇φ)2 − V[φ]
]
, (C.1)
where F(φ) is the coupling between the scalar field φ and the scalar curvature R, and V[φ]
is the potential of the scalar field; both F(φ) and V[φ] are arbitrary functions of the scalar
field φ.
We consider a general perturbed metric for scalar perturbations
ds2 = (1 + 2Φ) dt2 − 2a(t)Bp,idxidt− a2(t)
[
(1− 2ψ) δij + 2Ep,i,j
]
dxidxj, (C.2)
where a comma denotes a flat-space coordinate derivative. Here, it is convenient to introduce
the comoving curvature perturbation R defined as
R ≡ −ψ − H
φ˙
δφ, (C.3)
where δφ is the perturbation of the field φ. It follows from the action in Eq. (C.1) that the
equation of motion is given by22)
1
a3QS
(
a3QSR˙
)•
+
k2
a2
R = 0, (C.4)
with
QS =
φ˙2 + 3F˙2/ (2F)[
H + F˙/ (2F)
]2 . (C.5)
If we ignore the contribution of the decaying mode, the curvature perturbation is conserved
in the large-scale limit (k → 0). We here introduce the new variables z = a√QS and u = aR,
so that Eq. (C.4) can be rewritten in the form
u′′ +
(
k2 − z
′′
z
)
u = 0, (C.6)
where the prime denotes differentiation with respect to the conformal time η =
∫
dt/a(t).
Here, the gravitational term z′′/z can be written as
z′′
z
= (aH)2
[
(1 + δS)(2 + δS + ε) +
δ′S
aH
]
, (C.7)
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where
ε =
H˙
H2
, (C.8)
δS =
Q˙S
2HQS
. (C.9)
In the context of slow-roll inflation, it is a good approximation to ignore the variations of ε
and δS. In the case of power-law inflation, the conformal time is given by η = −1/[(1+ε)aH ].
From this expression of η and Eq. (C.7), we obtain
z′′
z
=
γS
η2
, (C.10)
with
γS =
(1 + δS) (2 + δS + ε)
(1 + ε)2
. (C.11)
The solution of Eq. (C.6) is then given by
u =
√
π|η|
2
[
c1H
(1)
νS
(k|η|) + c2H(2)νS (k|η|)
]
, (C.12)
where
νS ≡
√
γS +
1
4
. (C.13)
Here H
(1)
νS and H
(2)
νS are νSth-order Hankel functions of types 1 and 2, respectively. We
choose the coefficients to be c1 = 0 and c2 = 1, so that positive frequency solutions in
the Minkowski vacuum can be recovered in the asymptotic past. Then, using the relation
H
(2)
νS (k|η|)→ (i/π)Γ (νS) (k|η|/2)−νS for long wavelength perturbations (k → 0), we find that
the power spectrum of the comoving curvature perturbation PR ≡ [k3/ (2π2)] |R|2 is given
by
PR = 1
QS
(
H
2π
)2(
1
aH|η|
)2(
Γ (νS)
Γ (3/2)
)2(
k|η|
2
)3−2νS
. (C.14)
Furthermore, the spectral index nS ≡ 1 + d lnPR/ (d ln k) is given by
nS − 1 = 3− 2νS = 3−
√
4γS + 1, (C.15)
where the last equality follows from the relation (C.13).
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C.2. Curvature perturbations in the Einstein frame
Next, in order to show that the power spectrum of the curvature perturbations in the
Jordan frame is identical to that in the Einstein frame, we consider the power spectrum of
curvature perturbations in the Einstein frame.
To begin with, we apply the following conformal transformation to the action in Eq.
(C.1):
gµν → gˆµν = ΩSgµν , (C.16)
with
ΩS = F . (C.17)
The action in the Einstein frame is then given by6), 21)
SE =
∫
d4xˆ
√
−gˆ
{
−1
2
Rˆ +
1
2
[
3
2
(Fφ
F
)2
+
1
F
](
∇ˆφ
)2
− Vˆ [φ]
}
, (C.18)
with
Vˆ [φ] =
V [φ]
F2 . (C
.19)
Here, the subscript φ denotes partial differentiation with respect to φ. Furthermore, we
introduce the new scalar fields
dφˆ
dφ
≡
√
DE (φ), (C.20)
with
DE (φ) = 3
2
(Fφ
F
)2
+
1
F , (> 0) (C
.21)
so that the action in Eq. (C.18) can be rewritten in the following canonical form:
SE =
∫
d4xˆ
√
−gˆ
[
−1
2
Rˆ +
1
2
(
∇ˆφˆ
)2
− Vˆ [φ]
]
. (C.22)
Now we consider a perturbed metric in the Einstein frame,
dsˆ2 = ΩSds
2 (C.23)
=
(
1 + 2Φˆ
)
dtˆ2 − 2aˆ(tˆ)Bˆp,idxˆidtˆ
−aˆ2(tˆ)
[(
1− 2ψˆ
)
δij + 2Eˆp,i,j
]
dxˆidxˆj, (C.24)
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and decompose the conformal factor into background and perturbed parts as
ΩS(x, t) = Ω¯S(t)
(
1 +
δΩS(x, t)
Ω¯S(t)
)
. (C.25)
In what follows we drop the bar on Ω¯S(t). From the above, we obtain the following relations:
aˆ = a
√
ΩS, dtˆ =
√
ΩSdt, Hˆ =
1√
ΩS
(
H +
Ω˙S
2ΩS
)
,
Φˆ = Φ+
δΩS
2ΩS
, ψˆ = ψ +
δΩS
2ΩS
. (C.26)
Using these relations, it is shown that curvature perturbations in the Einstein frame exactly
coincide with those in the Jordan frame as follow:
Rˆ ≡ −ψˆ − Hˆ
dφˆ/
(
dtˆ
)δφˆ (C.27)
= −ψ − H
φ˙
δφ = R. (C.28)
Hence, from Eq. (C.28) we find
PˆR = PR. (C.29)
Furthermore, we introduce the following quantities:
γˆS =
(
1 + δˆS
)(
2 + δˆS + εˆ
)
(1 + εˆ)2
, εˆ =
dHˆ/
(
dtˆ
)
Hˆ2
,
δˆS =
dQˆS/
(
dtˆ
)
2HˆQˆS
, QˆS =
[
dφˆ/
(
dtˆ
)
Hˆ
]2
=
QS
F . (C
.30)
The spectral index of scalar perturbations in the Einstein frame is then given by
nˆS − 1 = 3−
√
4γˆS + 1. (C.31)
Moreover, the two quantities εˆ and δˆS can be expressed as follows:
εˆ =
ε− ϑ
1 + ϑ
+
ϑ˙
H (1 + ϑ)2
, (C.32)
δˆS =
δ − ϑ
1 + ϑ
, (C.33)
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with
ϑ =
F˙
2HF . (C
.34)
When the variation of ϑ is negligible (ϑ˙ ≃ 0), which is the case in the context of slow-roll
inflation, it can be shown that γˆS = γS. Hence, the spectral index in Eq. (C.31) in the
Einstein frame coincides with that in the Jordan frame: nˆS = nS.
Finally, we note that in the above discussion, we have considered comoving curvature
perturbations R and then shown that the power spectrum of such perturbations in the
Einstein frame exactly coincides with that in the Jordan frame. Contrastingly, in §5 we
considered curvature perturbations on uniform-density hypersurfaces ζ . Comoving curvature
perturbations and curvature perturbations on uniform-density hypersurfaces ζ , however, are
identical on superhorizon scales.23) Thus, the results of §5 obtained from analysis in the
Einstein frame are identical to those in the Jordan frame.
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Fig. 1. Estimates of Ξ1 = ˜TrM2/M2 in the relation (46). The solid curve is for the case Υ =
1.5× 104, and the dotted curve is for the case Υ = 3.5× 102. The left panel describes the case
ǫ1 = ǫ2+1.0×10−4, ǫ2 = 1.0×10−3+1.0×10−4j (0 ≤ j ≤ 89), where j is an integer, while the
right panel describes the case ǫ1 = ǫ2 + 1.0× 10−3, ǫ2 = 1.0× 10−2 + 1.0× 10−3j (0 ≤ j ≤ 89).
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Υ = 1.5× 104, and the dotted curve is for the case Υ = 3.5× 102. The left panel describes the
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In the case Υ = 1.5× 104, for ǫ2 ≤ 2.9× 10−3 and ǫ2 ≥ 4.5× 10−2, we have Ξ2 < 0. Similarly,
in the case Υ = 3.5× 102, for ǫ2 ≤ 6.9× 10−3 and ǫ2 ≥ 4.5× 10−2, we have Ξ2 < 0.
43
-7
-6
-5
-4
-3
-2
-1
0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
lo
g 10
Θ~
2
Υ=1.5×104
Υ=3.5×102
1=2+1.0×10−4
-7
-6
-5
-4
-3
-2
-1
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
lo
g 10
Θ~
2
Υ=1.5×104
Υ=3.5×102
1=2+1.0×10−3
Fig. 3. Estimates of Θ˜ in the relation (48). The solid curve is for the case Υ = 1.5 × 104,
and the dotted curve is for the case Υ = 3.5 × 102. The left panel describes the case ǫ1 =
ǫ2+1.0×10−4, ǫ2 = 1.0×10−3+1.0×10−4j (0 ≤ j ≤ 89), where j is an integer, while the right
panel describes the case ǫ1 = ǫ2+1.0× 10−3, ǫ2 = 1.0× 10−2+1.0× 10−3j (0 ≤ j ≤ 89). In the
case Υ = 1.5 × 104, for ǫ2 ≥ 4.5 × 10−2, we have Θ˜ < 0. Similarly, in the case Υ = 3.5 × 102,
for ǫ2 ≥ 4.6× 10−2, we have Θ˜ < 0.
-8
-7
-6
-5
-4
-3
-2
-1
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
2
Υ=1.5×104, log10(<λ+>/M2)
Υ=1.5×104, log10(<λ−>/M2)
Υ=3.5×102, log10(<λ+>/M2)
Υ=3.5×102, log10(<λ−>/M2)
1=2+1.0×10−4
-8
-7
-6
-5
-4
-3
-2
-1
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
2
Υ=1.5×104, log10(<λ+>/M2)
Υ=1.5×104, log10(<λ−>/M2)
Υ=3.5×102, log10(<λ+>/M2)
Υ=3.5×102, log10(<λ−>/M2)
1=2+1.0×10−3
Fig. 4. Estimates of 〈λ+〉 /M2 and 〈λ−〉 /M2 in Eqs. (49) and (50). The solid curves are for
the case Υ = 1.5 × 104, and the dotted curves are for the case Υ = 3.5 × 102. Thick curves
represent 〈λ+〉 /M2, and the thin curves represent 〈λ−〉 /M2. The left panel describes the case
ǫ1 = ǫ2+1.0×10−4, ǫ2 = 1.0×10−3+1.0×10−4j (0 ≤ j ≤ 89), where j is an integer, while the
right panel describes the case ǫ1 = ǫ2 + 1.0× 10−3, ǫ2 = 1.0× 10−2 + 1.0× 10−3j (0 ≤ j ≤ 89).
In both the cases Υ = 1.5× 104 and Υ = 3.5× 102, for ǫ2 ≤ 2.4× 10−3 and ǫ2 ≥ 4.5× 10−2, we
have 〈λ−〉 /M2 < 0.
44
-7
-6
-5
-4
-3
0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
lo
g 10
<
λ −/
λ +
>
2
Υ=1.5×104
Υ=3.5×102
1=2+1.0×10−4
-7
-6
-5
-4
-3
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
lo
g 10
<
λ −/
λ +
>
2
Υ=1.5×104
Υ=3.5×102
1=2+1.0×10−3
Fig. 5. Estimates of 〈λ−/λ+〉 in Eq. (51). The solid curve is for the case Υ = 1.5× 104, and the
dotted curve is for the case Υ = 3.5 × 102. In this figure, the former and latter coincide. The
left panel describes the case ǫ1 = ǫ2 + 1.0 × 10−4, ǫ2 = 1.0 × 10−3 + 1.0 × 10−4j (0 ≤ j ≤ 89),
where j is an integer, while the right panel describes the case ǫ1 = ǫ2 + 1.0 × 10−3, ǫ2 =
1.0× 10−2 + 1.0× 10−3j (0 ≤ j ≤ 89). In both the cases Υ = 1.5 × 104 and Υ = 3.5 × 102, for
ǫ2 ≤ 2.4× 10−3 and ǫ2 ≥ 4.5× 10−2, we have 〈λ−/λ+〉 < 0.
45
ar
X
iv
:h
ep
-p
h/
06
01
04
7v
2 
 2
7 
Fe
b 
20
06
1
Title
Firstname Familyname
Name and Address of your affiliation
Write your ABSTRACT here.
§1. Section Title
Start your paper from here.
References
1)
typeset using PTPTEX.cls 〈Ver.0.9〉
